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Task 1: Differential Inverse Kinematics \\‘(IT

@ SCARA-Robot with
® One translational joint d;
® Two rotational joints 6,, 0
® Configurationq = (dy, 6, 63)

® Forward Kinematics (position only):
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—500 - sin(0,) - cos(83) — 500 - cos(H,) - sin(63) — 500 - sin(6,)
f(qg) =1 500 - cos(8,) - cos(83) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(6,)
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End Effector Velocities A\J(IT

@ The Jacobi matrix relates Cartesian end effector velocities to joint angular
velocities

x() =Jr(6®) - 6()

¥ The following problems can be solved with this relation:

1. Given joint angular velocities, which kartesian end effector velocities are
realized with them.

2. Given a Cartesian end effector velocity, which joint angular velocities are
required to realize them?

. . : . Yy
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Task 1: Inverse Kinematics \\‘(IT

Karlsruher Institut fo

® Forward Kinematics (position only):

500 - cos(8,) - cos(83) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(6,)

—500 - sin(6,) - cos(63) — 500 - cos(6,) - sin(63) — 500 - sin(6,)
fl@) =
dq

® Approach for Inverse Kinematics
q=]""(q x
® Subtasks:

® 1.1: Determine the inverse Jacobian matrix J71(q).
® 1.2: Determine q for a given q and x.
® 1.3: Which position exhibits singularities?
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Task 1.1: Inverse Jacobian Matrix \\‘(IT

Karisruher Institut for Techn

X —500 - sin(6;) - cos(63) — 500 - cos(8,) - sin(f3) — 500 - sin(H,)
f(q) = (y) = 500 - cos(6,) - cos(83) — 500 - sin(H,) - sin(f3) + 100 + 500 - cos(6,)
VA d,

® Jacobian Matrix:
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Task 1.1: Inverse Jacobian Matrix \\‘(IT

Karlsruher Institut for Techn

X —500 - sin(6;) - cos(63) — 500 - cos(8,) - sin(f3) — 500 - sin(H,)
f(q) = (y) = | 500 - cos(8,) - cos(83) — 500 - sin(H,) - sin(H3) + 100 + 500 - cos(6;)
VA d,

® Jacobian Matrix:

_(of of of
J(@) = (6d1’662’683>

of

ad,
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Task 1.1: Inverse Jacobian Matrix ~\\‘(IT

X —500 - sin(6;) - cos(63) — 500 - cos(8,) - sin(f3) — 500 - sin(H,)
f(q) = (y) = | 500 - cos(8,) - cos(83) — 500 - sin(H,) - sin(H3) + 100 + 500 - cos(6;)
VA d,

® Jacobian Matrix:

_(of of of
J(@) = (6d1’662’683>

0

HERE
—=| 5 _
dd; a_dl(dl) 1
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Task 1.1: Inverse Jacobian Matrix % A\‘(IT
2

® Simplify expression for x

x = —500 - sin(8,) - cos(03) — 500 - cos(H,) - sin(f3) — 500 - sin(H,)
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Task 1.1: Inverse Jacobian Matrix % ~\\‘(IT
2

® Simplify expression for x
x = —500 - sin(8,) - cos(03) — 500 - cos(H,) - sin(f3) — 500 - sin(H,)

= —500 - (sin(6;) - cos(83) + cos(H,) - sin(63)) — 500 - sin(6,)
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Task 1.1: Inverse Jacobian Matrix % k\‘(IT
2

® Simplify expression for x
x = —500 - sin(8,) - cos(03) — 500 - cos(H,) - sin(f3) — 500 - sin(6,)

= —500 - (sin(6,) - cos(O3) + cos(H,) - sin(63)) — 500 - sin(6,)

sin(ae + f) = sina - cosf + cosa - sin 8
cos(a¢ + ) =cosa-cosf —sina-sinf

= —500 - (Sin(gz + 93)) — 500 - Sin(ez)

10 Robotics I: Introduction to Robotics | Exercise 03 H 2T



Task 1.1: Inverse Jacobian Matrix % A\‘(IT
2

@ Simplify expression for y

y = 500 - cos(8,) - cos(63) — 500 - sin(8,) - sin(63) + 100 + 500 - cos(6,)
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Task 1.1: Inverse Jacobian Matrix % ~\\‘(IT
2

@ Simplify expression for y
y = 500 - cos(8,) - cos(63) — 500 - sin(8,) - sin(63) + 100 + 500 - cos(6,)

= 500 - (cos(6,) - cos(83) —sin(H,) - sin(63)) + 100 + 500 - cos(O,)
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Task 1.1: Inverse Jacobian Matrix % k\‘(IT
2

@ Simplify expression for y
y = 500 - cos(8,) - cos(63) — 500 - sin(8,) - sin(63) + 100 + 500 - cos(6,)

= 500 - (cos(6,) - cos(83) —sin(H,) - sin(63)) + 100 + 500 - cos(O,)

sin(ae + f) = sina - cosf + cosa - sin
cos(a + ) =cosa-cosf —sina -sinf

= 500 - cos(6, + 63) + 100 + 500 - cos(6,)
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Task 1.1: Inverse Jacobian Matrix %
2

x = —500 - sin(8, + 63) — 500 - sin(6,)

ox

26,

y = 500 - cos(6, + 63) + 100 + 500 - cos(6,)

9y _
960,

0z
Z:dl 6_92:

Robotics I: Introduction to Robotics | Exercise 03

Karlsruher Institut for Technaologie

H2T



15

Task 1.1: Inverse Jacobian Matrix %
2

x = —500 - sin(8, + 63) — 500 - sin(6,)

5’7’“ = —500 - cos(8, + 65) — 500 - cos(8,)
2

y = 500 - cos(6, + 63) + 100 + 500 - cos(6,)

2% = ~500 - sin(6; + 63) — 500 - sin(6,)
2

0z
Z:dl 6_92:()
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Task 1.1: Inverse Jacobian Matrix %
3

x = —500 - sin(8, + 65) — 500 - sin(6,)

ox

265

y = 500 - cos(f, + 65) + 100 + 500 - cos(6,)

9y _
965

0z
Z:dl 6_93:
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Task 1.1: Inverse Jacobian Matrix %
3

x = —500 - sin(8, + 65) — 500 - sin(6,)

9% — 500 cos(, + 62)

y = 500 - cos(f, + 65) + 100 + 500 - cos(6,)

9 _ _500.- sin(@, + 63)
26,

0z
Z:dl 6_03:0
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Task 1.1: Inverse Jacobian Matrix ~\\‘(IT

® Jacobian Matrix:

0 —-500-sin(8, + 05) — 500 -sin(f,) —500 -sin(6, + 63)

0 —500-cos(f, +6;) —500-cos(f,) —500-cos(8, + 03)
J(q) = ( )
1 0 0

® Solve for:

J7Hg) =7
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Task 1.1: Inverse Jacobian Matrix ~\\‘(IT

® Matrix:
a b c
A=|d e f
g h i

® Invert:

1 et—fh «ch—bi bf—ce
A‘1=d ) fg—di ai—cg cd—af
et dh—eg bg—ah ae—bd

® Determinant (Rule of Sarrus):
detA = aei + bfg + cdh — ceg — bdi — afh
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Task 1.1: Inverse Jacobian Matrix -\\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-sin(8, + 65) — 500 -sin(f,) —500 - sin(6, + 63)

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

ut for Technologie

0 -500-sin(8, + 05) — 500 -sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;5) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (—500 - cos(6, + 63) — 500 - cos(6,)) - (—500 - sin(8, + 63))
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Task 1.1: Inverse Jacobian Matrix Q(IT

ut for Technologie

0 —500-sin(8, + 03) — 500 - sin(f,) —500 - sin(6, + 63)

0 —500-cos(8, +65) —500:cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

detJ(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (=500 - cos(6, + 63) — 500 - cos(B,)) - (—500 - sin(6, + 63)) + 0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-sin(8, + 65) — 500 -sin(f,) —500 - sin(6, + 63)

0 —500-cos(f, +65) —500:cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (=500 - cos(6, + 63) — 500 - cos(B,)) - (—500 - sin(6, + 63)) + 0

—(—500 - cos(6, + 63)) - (—500 - sin(f, + 63) — 500 - sin(6,))
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

ut for Technologie

0 —500-sin(8, + 65) — 500 - sin(f,) —500 - sin(6, + 63)

0 —500-cos(f, +6;5) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (=500 - cos(6, + 63) — 500 - cos(B,)) - (—500 - sin(6, + 63)) + 0

_(_500 . COS(HZ + 83)) . (_500 . Sin(92 + 83) — 500 - Sin(gz)) —0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

ut for Technologie

0 —500-sin(8, + 03) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh

=0+ (=500 - cos(6, + 63) — 500 - cos(B,)) - (—500 - sin(6, + 63)) + 0

_(_500 . COS(HZ + 83)) . (_500 . Sin(92 + 83) — 500 - Sin(ez)) —0-0
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Task 1.1: Inverse Jacobian Matrix A\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh
= (=500 - cos(f, + 65) — 500 - cos(8,)) - (—500 - sin(6, + 65))
—(—500 - cos(6, + 63)) - (=500 - sin(f#, + 63) — 500 - sin(6,))
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Task 1.1: Inverse Jacobian Matrix -X\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh
= (=500 - cos(f, + 65) — 500 - cos(8,)) - (—500 - sin(6, + 65))
—(—500 - cos(6, + 63)) - (=500 - sin(f#, + 63) — 500 - sin(6,))

— (=500) - (—500) - ( (cos(6, + 83) + cos(63)) - sin(, + 63) )

—(sin(6, + 03) + sin(6,)) - cos(0, + 63)

. . : . Yy
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Task 1.1: Inverse Jacobian Matrix ~\\‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh
= (=500 - cos(f, + 65) — 500 - cos(8,)) - (—500 - sin(6, + 65))
—(—500 - cos(6, + 63)) - (=500 - sin(f#, + 63) — 500 - sin(6,))

— (=500) - (—500) - ( (cos(6, + 03) + cos(63)) - sin(O, + 63) )

—(sin(8, + 03) + sin(6,)) - cos(6, + 63)
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Task 1.1: Inverse Jacobian Matrix -\\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

det/(q) = aei + bfg + cdh — ceg — bdi — afh
= (=500 - cos(f, + 65) — 500 - cos(8,)) - (—500 - sin(6, + 65))
—(—500 - cos(6, + 63)) - (=500 - sin(f#, + 63) — 500 - sin(6,))

— (=500) - (—500) - ( (cos(6, + 03) + cos(63)) - sin(O, + 63) )

—(sin(8, + 03) + sin(6,)) - cos(6, + 63)

= 5002 - (cos(8,) - sin(8, + 63) — sin(8,) - cos(8, + 83))
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
1 0 0
detJ(q) = 5002 - (cos(8,) - sin(@, + 65) — sin(H,) - cos(, + 65))

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - sin(gz + 05) — sin(6,) - cos(6, + HS))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosf —sina-sinf
cos(d,) - (sin B, cos 85 + cos B, sin 63)
—sin(0,) - (cos 8, cos B; — sin 6, sin 63) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(
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Task 1.1: Inverse Jacobian Matrix S.‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - sin(gz + 05) — sin(6,) - cos(6, + 6(3)))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosf —sina-sinf
cos(6,) - (sin O, cos 85 + cos B, sin 63)
—sin(6,) - (cos 8, cos 85 — sin 6, sin B3) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - sin(gz + 05) — sin(6,) - cos(6, + 6(3)))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosff —sina -sinf
cos(6,) - (sin O, cos 85 + cos B, sin 63)
—sin(6,) - (cos 8, cos 85 — sin 6, sin B3) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(

= 5002 - (cos? 0, sin 83 + sin? @, sin 63)
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Task 1.1: Inverse Jacobian Matrix S.‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - sin(gz + 05) — sin(6,) - cos(6, + 6(3)))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosf —sina-sinf
cos(6,) - (sin O, cos 85 + cos B, sin 63)
—sin(6,) - (cos 8, cos 85 — sin 6, sin B3) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(

= 5002 - (cos? 0, sin 85 + sin? 8, sin 63)
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Task 1.1: Inverse Jacobian Matrix S.‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - sin(gz + 05) — sin(6,) - cos(6, + 6(3)))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosf —sina-sinf
cos(6,) - (sin O, cos 85 + cos B, sin 63)
—sin(6,) - (cos 8, cos 85 — sin 6, sin B3) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(

= 5002 - (cos? 0, sin 85 + sin? 8, sin 63)
= 5007 - sin 65 (cos® 8, + sin? 6,)

36 Robotics I: Introduction to Robotics | Exercise 03 H iT



Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
det/(q) = %OO2 - (cos(8,) - Sin(gz + 05) — sin(6,) - cos(6, + 6(3)))
sin(a + B) =sina - cos B + cosa - sinf
cos(a + ) =cosa-cosf —sina-sinf
cos(6,) - (sin O, cos 85 + cos B, sin 63)
—sin(6,) - (cos 8, cos 85 — sin 6, sin B3) )

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

=5002-(

= 5002 - (cos? 0, sin 85 + sin? 8, sin 63)
= 5007 - sin 65 (cos® 8, + sin? 6,)
= 5002 - sinf5 - 1
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Task 1.1: Inverse Jacobian Matrix A\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
1 0 0
detJ(q) = 5007 - sin(03)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

et—fh «ch—bi bf—ce

J@)™ = fg—di ai—cg cd—af
det](q) dh—eg bg—ah ae— bd
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Task 1.1: Inverse Jacobian Matrix -X\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
1 0 0
detJ(q) = 5007 - sin(03)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

et—fh «ch—bi bf—ce

J@)™ = fg—di ai—cg cd—af
det](q) dh—eg bg—ah ae— bd

et—fh «ch—bi bf—ce
fg—di ai—cg cd-—af
dh—eg bg—ah ae—bd

1
~ 5002 - sin 6,

. . : . Yy
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Task 1.1: Inverse Jacobian Matrix A\J(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)
1 0 0
1 eit—fh ch—bi bf—ce
J(@)™t = — fg—di ai—cg cd—af
>00 - sin 0 dh—eg bg—ah ae—bd

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

O _500 ° Sin(ez + 03) - 500 ° Sin(gz) _500 ° Sin(gz + 93)
1 0 0
1 eit—fh ch—bi bf —ce
J(@)™t = — fg—di ai—cg cd—af
>00 - sin 0 dh—eg bg—ah ae—bd

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )

el—fh=0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, +63) —500-cos(f,) —500-cos(6, + 63)
J(q) = (0 —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 !
, 0 ch—bi bf —ce
](q)—l — — fg —di ai— cg cd — le
5002 - sin 05 dh—eg bg—ah ae—bd
ei—fh=0
ch—bi =0
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-cos(8, + 05) —500-cos(f,) —500-cos(6, + 03)
J(q) = (0 —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 ’
) 0 0 bf — ce
J@™ = S e, | [0~ ai-cg cd—af
5002 - sin 05 dh—eg bg—ah ae—bd
ei—fh=20
ch—bi=0
cd—af =0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, +65) —500-cos(f,) —500-cos(6,+ 03)
J(q) = (0 —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(@, + 93)>

1 0 ’
) 0 0 bf — ce

J@™ = sy | f9—di aizcg 0

5002 - sin 05 dh—eg bg—ah ae—bd
ei—fh=0
ch—bi=0
cd—af =0
ae —bd =0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 03)
1 0 0

0 0 bf —ce

1
J@ ' = ——— fg—di ai—cg 0
5004 - sin 65 dh—eg bg—ah 0

bf —ce =
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

Karlsruher Institut for Technaologie

0 —500-sin(8, + 63) — 500 -sin(f,) —500-sin(8, + 63)

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 05)
J(q) = ( )
1 0 0

0 0 bf —ce

1
J(@t = Y fg—di ai—cg 0
5004 - sin 65 dh—eg bg— ah 0

bf —ce = —500 - (cos(f, + 03) + cos(8,)) - (=500 - sin(6, + 05)) — (=500 - cos(O, + 63)) -
(=500 - sin(0, + 85) — 500 - sin(6,))
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

Karlsruher Institut for Technaologie

0 —500-sin(6, + 63) — 500 -sin(f,) —500:sin(6, + 653)

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 05)
J(q) = ( )
1 0 0

0 0 bf —ce

1
J(@t = Y fg—di ai—cg 0
5004 - sin 65 dh—eg bg— ah 0

bf —ce = =500 - (cos(8, + 83) + cos(6,)) - (=500 - sin(f, + 03)) — (=500 - cos(8, + 63)) -
(=500 - sin(0, + 85) — 500 - sin(6,))

= 5002 - (cos(8, + 03) - sin(@, + 83) + cos(8,) - sin(f, + 83) — cos(8, + 03) - sin(f, + 03) —
cos(6, + 63) - sin(6,))
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

Karlsruher Institut for Technaologie

0 —500-sin(6, + 05) — 500 -sin(8,) —500 -sin(6, + 63)

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 05)
J(q) = ( )
1 0 0

0 0 bf —ce

1
J(@t = Y fg—di ai—cg 0
5004 - sin 65 dh—eg bg— ah 0

bf —ce = =500 - (cos(8, + 83) + cos(6,)) - (=500 - sin(f, + 03)) — (=500 - cos(8, + 63)) -
(=500 - sin(0, + 85) — 500 - sin(6,))

cos(8, + 653) - sin(8, + 63) + cos(8,) - sin(6, + 03) )

_ 2
=500 (— cos(8, + 63) - sin(0, + 05) — cos(8, + 63) - sin(H,)
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

Karlsruher Institut for Technaologie

0 —500-sin(6, + 63) — 500 -sin(f,) —500:sin(6, + 653)

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 05)
J(q) = ( )
1 0 0

0 0 bf —ce

1
J(@t = Y fg—di ai—cg 0
5004 - sin 65 dh—eg bg— ah 0

bf —ce = =500 - (cos(8, + 83) + cos(6,)) - (=500 - sin(f, + 03)) — (=500 - cos(8, + 63)) -
(=500 - sin(0, + 85) — 500 - sin(6,))

cos(8, + 653) - sin(8, + 63) + cos(8,) - sin(6, + 03) )

_ 2
=500 (— cos(8, + 63) - sin(0, + 05) — cos(8, + 63) - sin(H,)

= 5002 - (cos(8,) - sin(6, + 63) — cos(B, + 03) - sin(6,))
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

Karlsruher Institut for Technaologie

0 —500-cos(8, +63) —500:cos(8,) —500-cos(f, + 05)
J(@) = (0 —500 - sin(6, + 63) — 500 - sin(6,) —500 - sin(8, + 93)>

1 0 0
1 0 0 5002 - sin 65
J@™ = B fg—di ai—cg 0
5004 - sin 05 dh—eg bg—ah 0

bf —ce = =500 - (cos(8, + 83) + cos(6,)) - (=500 - sin(f, + 03)) — (=500 - cos(8, + 63)) -
(=500 - sin(0, + 85) — 500 - sin(6,))

_ 5002 ( cos(8, + 653) - sin(8, + 63) + cos(8,) - sin(6, + 03) )

— COS(QZ + 93) . Sin(ez + 93) — COS(QZ + 93) . Sin(gz)
= 5002 - (cos(8,) - sin(6, + 63) — cos(B, + 03) - sin(f,)) = 5002 - sin O,
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = (o —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 0
" 0 0 5007 - sin 65
J@™ = 5 fg—di ai—cg 0
5004 - sin 04 dh—eg bg—ah 0

fg—di=
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = (o —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 0
" 0 0 5007 - sin 65
J@™ = 5 fg—di ai—cg 0
5004 - sin 04 dh—eg bg—ah 0

fg—di =—500-sin(6, + 63) — 0
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 65)
J(q) = ( )
1 0 0

" 0 0 5007 - sin 65
J(@ = — —500 - sin(@, + 83) ai —cyg 0
5004 - sin 04 dh — eg bg — ah 0

ai—cg =
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Task 1.1: Inverse Jacobian Matrix S.‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 65)
J(q) = ( )
1 0 0

" 0 0 5007 - sin 65
J(@ = — —500 - sin(@, + 83) ai —cyg 0
5004 - sin 04 dh — eg bg — ah 0

ai —cg =0— (=500 -cos(6, +63) - 1)
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Task 1.1: Inverse Jacobian Matrix S.‘(IT

0 —500-sin(8, + 05) — 500 - sin(f,) —500 -sin(6, + 63)

0 —500-cos(8, +03) —500-cos(f,) —500-cos(6, + 65)
J(q) = ( )
1 0 0

" 0 0 5007 - sin 65
J(@ = — —500 - sin(@, + 83) ai —cyg 0
5004 - sin 04 dh — eg bg — ah 0

ai —cg =0—(—500-cos(f, +65)-1) =500 - cos(6, + 03)
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500 - Sin(gz + 93) — 500 - Sin(GZ) —500 - Sin(92 + 93)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

1 0 0 5007 - sin O
J@ = —— —500 - sin(6, + 63) 500 - cos(0, + 03) 0
>00% - 5in 0 dh —eg bg — ah 0

dh —eg =
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Task 1.1: Inverse Jacobian Matrix \‘(IT

t fir Technologie

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = < —500 - sin(6, + 65) — 500 - sin(6,) —500 - sin(@, + 93)>

1 0 0
1 0 0 5007 - sin O
J(@t= = 5002 s d —500 - sin(@, + 85) 500 - cos(8, + 65) 0
3 dh —eg bg — ah 0

dh—eg=0-0—(—=500-sin(8, + 65) — 500 - sin(6,)) - 1
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500 - Sin(92 + 93) — 500 - Sin(GZ) —500 - Sin(92 + 93)

0 —500-cos(8, +6;) —500-cos(f,) —500-cos(6,+ 03)
J(q) = ( )
1 0 0

1 0 0 5007 - sin O
J@ = —— —500 - sin(6, + 63) 500 - cos(0, + 03) 0
>00% - 5in 0 dh —eg bg — ah 0

dh—eg=0-0—(—=500-sin(8, + 65) — 500 - sin(6,)) - 1
= 500 - sin(6, + 035) + 500 - sin(6,)

= 500 - (sin(8, + 63) + sin(6,))
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Task 1.1: Inverse Jacobian Matrix S—‘(IT

0 —500-cos(8, + 685) —500-cos(f,) —500-cos(6, + 03)
J(q) = (o —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 0
1 0 0 5002 - sin 65
J(@ = 002 < —500 - sin(@, + 63) 500 - cos(f, + 63) 0
3\ 500 - (sin(6, + 65) + sin(6,)) bg — ah 0

bg —ah =
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, + 685) —500-cos(f,) —500-cos(6, + 03)
J(q) = (0 —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 0
1 0 0 5002 - sin 65
J(@ = 002 < —500 - sin(@, + 63) 500 - cos(f, + 63) 0
3\ 500 - (sin(6, + 65) + sin(6,)) bg — ah 0

bg — ah = (=500 - cos(6, + 083) —500-cos(6,))-1—-0-0
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Task 1.1: Inverse Jacobian Matrix A\‘(IT

0 —500-cos(8, + 685) —500-cos(f,) —500-cos(6, + 03)
J(q) = (0 —500 - sin(@, + 65) — 500 - sin(@,) —500 - sin(@, + 93)>

1 0 0
1 0 0 5002 - sin 65
J(@ = 002 < —500 - sin(@, + 63) 500 - cos(f, + 63) 0
3\ 500 - (sin(6, + 65) + sin(6,)) bg — ah 0

bg — ah = (=500 - cos(6, + 083) —500-cos(6,))-1—-0-0

= —500 - cos(8, + 63) — 500 - cos(6,)
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Task 1.1: Inverse Jacobian Matrix \\‘(IT

Karisruher Institut for Techn

0 0 5002 - sin 65
J@™t = = %002 sin0 —500 - sin(8, + 63) 500 - cos(6, + 63) 0
3\500 - (sin(8, + 03) + sin(6,)) —500 - cos(f, + 85) — 500 - cos(6,) 0
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Task 1.1: Inverse Jacobian Matrix -\\J(IT

1 0 0 5002 - sin O
J(@ = 5007 g —500 - sin(0, + 63) 500 - cos(6, + 63) 0
3\500 - (sin(8, + 03) + sin(6,)) —500 - cos(f, + 85) — 500 - cos(6,) 0
0 0 1
sin(0, + 653) cos(6, + 03) 0
J(@ ! = 500 - sin 04 500 - sin 04
sin(0, + 63) + sin(6,) —cos(6, + 03) — cos(6,)
500 - sin 64 500 - sin 64
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Task 1.2: Joint Angular Velocities A\J(IT
1

0 0
B sin(8, + 03) cos(6, + 653) 0
J(@t = 500 - sin 65 500 - sin 65
sin(8, + 63) + sin(#,) —cos(6, + 03) — cos(6,)
500 - sin 65 500 - sin 65

® Given:

T
® Robot state ¢ = (dy, 8,,05)T = (1, 0, %)
® EEF Velocity p = (1000, 0,0)7

® Required:
® Joint angular velocity g, which causes EEF velocity p
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Task 1.2: Joint Angular Velocities A\J(IT
1

0 0
sin(8, + 03) cos(6, + 653)
J(@t = 500 - sin 05 500 - sin 65 0
sin(8, + 63) + sin(#,) —cos(6, + 03) — cos(6,)
500 - sin 65 500 - sin 65
-1 0 0 1
1 sin(8, + 65) cos(6, + 65)
Y - 500 - sin 64 500 - sin 05
> sin(6, + 05) + sin(6#,) —cos(8, + 65) — cos(6,) 0
500 - sin 6, 500 - sin 6,
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Task 1.2: Joint Angular Velocities S—‘(IT
1

0 0
-1 / . E E \
1 - Sin (O + 2) COS (0 + 2) 0
. 1T . T
] g _ 500 - sin> 500 - sin
— . s . T
2 sin (O + 7) + sin(0) —cos (O + 7) — cos(0) )
\ 500 - sin% 500 - sin% /
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Task 1.2: Joint Angular Velocities ~\\~‘(IT
1

0 0
-1 / . E E \
1 - Sin (O + 2) COS (0 + 2) 0
. 1T . 1T
] g _ 500 - sin> 500 - sin
2 sin (O + %) + sin(0) —cos (O + %) — cos(0)
0
\ 500 - sin% 500 - sin% /
0 0 1 0 0 1
1 0 0 1 0
= 500-1 500-1 = 500
140 —0—-1 0 1 1 0
500-1 500-1 500 500
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Task 1.2: Joint Angular Velocities S—‘(IT

Karisruher Institut for

qg=J@ *'p
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Task 1.2: Joint Angular Velocities S—‘(IT

5

qg=J@ *'p

-

=]

N[O -
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Task 1.2: Joint Angular Velocities

q=J(@ " p

1 1000
5 0
0 0 1 1000
_[-=— o0 o0 ( )
= 500 : 0
T 1 9 0
500 500
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Task 1.2: Joint Angular Velocities ~\\~‘(IT

q=J(@ " p

1 1000
5 0
0 0 1 1000 0
1
T 1 9 0 2
500 500
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Task 1.3: Singularities ﬂ(IT

Karisruher Institut for Technologie

W A kinematic chain is in a singular configuration if the corresponding Jacobian matrix is
not of full rank.

® Two or more columns of ] are linear dependent

® The Jacobian is not invertible
® Specific motions are not feasible

® In proximity of singularities
high joint angular velocities can be required
to maintain an end effector velocity
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Task 1.3: Singularities ~\\~‘(IT

® A quadratic matrix A € R™ " is of full rank if and only if its determinant is non-equal to
zZero.
rangA =n & detA # 0

0 —500 - Sin(gz + 63) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(f, + 03) —500-cos(8,) —500:cos(6, + 63)
J(q) = ( )
1 0 0
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Task 1.3: Singularities ~\\~‘(IT

® A quadratic matrix A € R™ " is of full rank if and only if its determinant is non-equal to
zZero.
rangA =n & detA # 0

0 —500 - Sin(gz + 63) — 500 - Sin(gz) —500 - Sin(92 + 83)

0 —500-cos(f, + 03) —500-cos(8,) —500:cos(6, + 63)
J(q) = ( )
1 0 0

detJ(q) = 5007 - sin O
® For singularities g4 of the quadratic matrix /(q) we have:
det/(gsing) = 5002 - sinf3 = 0

74 Robotics I: Introduction to Robotics | Exercise 03 H QT



Task 1.3: Singularities A\_‘(IT

Karlsruher Institut for Technaologie

® For singularities g4 of the quadratic matrix /(q) we have:
det/(gsing) = 5002 - sinf3 = 0
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Task 1.3: Singularities A\‘(IT

® For singularities g4 of the quadratic matrix /(q) we have:
det/(gsing) = 5002 - sinf3 = 0

sinf; =0
0; =n-m,ne01,2..]

03 =0V 03 =TI, 93 (S [0,277:)

d, d,
Qsing1 = (92>;qsing,2 = (92>
0 T
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Task 2: Dynamic Modelling after Lagrange

@ Assumptions: o = (2. 1)
® Centers of mass in the middle of the segments |
@ Negligible radius of the segments

® Configurationg = (d, )7
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Task 2: Dynamic Modelling after Lagrange

® Position of centers of mass:
1
p1 = (x1,y1) = (5 [y +d,0)
pr = (x,¥,) = (4 +d —%lz : COSH,—%IZ - sin )

78 Robotics I: Introduction to Robotics | Exercise 03

SKIT

Karlsruher Institut for Technaologie

H2T



79

Task 2: Dynamic Modelling after Lagrange \\‘(IT

@ Configuration UT
q = (d, H)T — .h """"""" O - "
® Position of centers of mass: — * Q/« , .
p1 = (x1,¥1) = (‘ [ +d, 0) P = (21,41) ‘,4'
Do = (XZ, yz) — (ll + d . lz COS 0 — I lz sin 0) p2 = (':1"3.,1/-3)

® Model the dynamic of the robot system.
W 2.1: Determine kinetic energy of each segment
W 2.2: Determine potential energy for each segment
W 2.3: Calculate Lagrange function
W 2.4: Set up equation of motion
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Method after Lagrange (Recap) ~\\~‘(IT

® Lagrange-Function:

L(q,q) = Exin(q,q) — Epot(q)

d (JdL oL

T: = — | — S

‘ dt aql aql

® g;: i-th component of the generalized coordinates
B 7;: i-th component of the generalized forces

® Equation of motion:
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Task 2.1: Kinetic Energy

!IT

*_

—
d

Kinetic energy for s; and s,:
Exin1 =

Ekin,z =

81 Robotics I: Introduction to Robotics | Exercise 03
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Task 2.1: Kinetic Energy 1,1
”T Eyvin = 2mv +2 Jw
_____________ W
() ;

Kinetic energy for s; and s,:

_1 2 1 72
Ekin1 = oMV = 5m1d

1 1 1 .
Ering = 5mMav3 +5Jwi = my(d5 +93) +3 ]92
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Task 2.1: Kinetic Energy %S,!I
P2= () = (a+d =3l 058,31y sin0) |
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Task 2.1: Kinetic Energy S—‘(IT

P2 = (x2,¥2) = (4 +d—%lz-c059,—%lz-sin8)

X =d+9-(+%lzsin9) =d+9-%lzsin0

Vo = 9-(—%l2-c059) = —9-%l2-c050
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Task 2.1: Kinetic Energy A\‘(IT

Karlsruher Institut for Technaologie
. ; 1 .
X, =d+6 -ElzsmH

Vo = —9-%lz-cose

1 . . 1
Ekxinz = Emz(x% +y%) +5]92 =
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Task 2.1: Kinetic Energy A\‘(IT

Karlsruher Institut for Technaologie
. : 1 .
X, =d+6 -Elzsme

Vo = —9-%l2-c050

1 . . 1
Ekxinz = Emz(x% +75) +5]92 =

=%m2 ((d+9 élz sinH)2 + (—9 élz-cose)2>+%]92
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Task 2.1: Kinetic Energy k\‘(IT

x2=d+9’-%lzsin9

yzz—é-%lz-cose

Einz = =my (32 + y2) +2]62 =

kin2 = 7 M2X2 T )7 2] -
=1im (c'l+6'?-ll sin6)2+(—9-ll -(:05(9)2 +-]62
=My 22 2 2 2
1

; v oA 1 . . 1 ) . 1 1.
=2my(d2+2-d-0-31,sin0 +0%-21Zsin?6 + 02 - 212 - cos?0) +-]6?
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Task 2.1: Kinetic Energy k\‘(IT

Karlsruher Institut for Technaologie

x2=d—9%l251n9

Vo = —9-%l2-c050

1 . . 1
Ekxinz = Emz(x% +75) +5]92 =

=%m2 ((d+9 -%lzsinH)Z +(—9 -%lz-cose)z>+§]éz
1

; v oA 1 . . 1 ) . 1 1.
=-m,(d2+2-d-0-3l,sin0 +0% -~ 1Zsin?0 + 07 -~ 1% - cos?8) +-]6?

1 ] 1 T A : 1 2o 1 1. -
= Emzdz +Em2d -0l,sin @ +Em292 -Zlg +5]92
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Task 2.1: Kinetic Energy S—‘(IT

Karisruher Institut for

Ekin,2 - %mz ° dZ + (%mzlz SirlH) ° d@ +%m2l% ° 92 +%] ° 92
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Task 2.1: Kinetic Energy ~\\~‘(IT

Moment of inertia for a rod with negligible radius,
with respect to the center of gravity : | = 1—12m2l§

1

Erinz = 3mgz - d? + (3m lzsmﬁ) df +3myl3 - 62+ - 62

1
d9+8m2l% Hz‘l‘g Emzlz 82

(3matzsin0)-
:—mz-d2+(%m2l smH) dé +-m,l% - 9'2+2—14mzl§-9'2
(3matzsin0)-

dé + - mzlg-éz
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91

Task 2.2: Potential Energy Epot = mgh
Y
T .............. By
s ’ \9/4 N b
d 0 3
p1 = (Z1,4) 4.
p2 = (f-l“z-.l/‘z,)
Potential Energies for s; und s:
Epot,l =mygy; =0
Epot2 = mMagy, = —5myglysin(h)

2
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Task 2.3: Lagrange Function A\‘(IT

L(q,q) = Exin(q,q) — Epot(q)

1 1 : 1 . | :
Exin1 = Emldz Eking = ;My * d? + (gmzlz sin 9) - do + gmzlﬁ . 2
1 .
Epotn =0 Epot2 = _Englz sin(6)

L= Ekin,l + Ekin,z — Epot,l - Epot,z —
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Task 2.3: Lagrange Function ~\\~‘(IT

L(q,q) = Exin(q,q) — Epot(q)

1 1 : 1 . | :
Exin1 = Emldz Eking = ;My * d? + (gmzlz sin 9) - do + gmzlg . 2
1 .
Epotn =0 Epot2 = _Englz sin(6)

1 .1 .. 1 | o1 1 |
L= Emldz +§m2d2 + Emzlz sin@ | - do +gm212 . 6% +§nglz sin(0)

1 . 1 _ | s sy 1 _
:E(ml'l'mZ)d + Emzlzslng d@ +gm2129 +Engl251n(0)
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Task 2.3: Differentiation of the Lagrange Function ﬁ(lT

Karfsruher Institut for Technologie

daL

ad
d oL
dtod
oL
ad
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Task 2.3: Differentiation of the Lagrange Function S_‘(IT

1 o1 1 .1 |
L= E(ml + m,)d? + Emzlzdé? sin(0) + gmzlzez + Englzsm(e)

oL .1 .
— = (my +my)d + —m2ly(6 - sin(6))
d oL L1 . . -
v (my; + my)d + Emzlz(H sin(8) + 6 - cos(6) - 0)
dL
3 =0
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Task 2.3: Differentiation of the Lagrange Function ﬁ(lT

Karfsruher Institut for Technologie

aL

LI
d oL
dtoo
oL
90
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Task 2.3: Differentiation of the Lagrange Function S_‘(IT

Karisruher Institut for

1 . 1.1 |
L= E(ml + m,)d? + Emzlzde sin(0) + gmzlzez + Englzsm(e)

oL 1 . 1.
Y Emzlz(d - sin(0)) +§m2l2 0
doL 1 . g 1.
FTEY: = Emzlz(d sin(0) + do cos(@)) + §m2l28
oL

1 . 1
35 = Emzlde cos(0) + Emzlzg cos(0)
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Task 2.4: Equation of Motion

_d oL\ oL
1= 0i\54) " a4

Robotics I: Introduction to Robotics | Exercise 03
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d

dt

dL

oL

(

aq;

>_

aq;
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Task 2.4: Equation of Motion

_dfaL\ oL
YT 9t\ag; ) T g

_d oL\ oL
1= 0i\54) " a4

.1 .. :
= (my +my)d +5m,l,(6sin(8) + 62 cos(6)) — 0
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Task 2.4: Equation of Motion g(IT

Karfsruher Institut for Technologie

_d oL\ oL
2= qi\58) " o0
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Task 2.4: Equation of Motion N(IT

Karfsruher Institut for Technologie

_d oL\ oL
2= qi\58) " o0

1 . .. 1 1 .. 1
= Emzlz (d sin(@) + do cos(Q)) + §mzl§9 — (E m,1,d6 cos(0) + Emzlzg cos(@))
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Task 2.4: Equation of Motion g(IT

Karfsruher Institut for Technologie

_d oL\ oL
2= ai\58) " o0

1. 1 1. (1 1
= Emzlzd sin(0) + Emzlde cos(0) + §m2l29 — Emzlzdﬁ cos(0) + Emzlzg cos(6)

1 I | .1
= Emzlz sin(0) d + §m2l§9 - Emzlzg cos(6)
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Task 2.4: Equation of Motion A\‘(IT

T=M(q)q+c(q,q) + g(q)

.1 .. :
(m; + my)d + Emzlz(e sin(6) + 62 cos(0))

1 . 1 .1
Emzlz sin(8) d + §m2l§9 — Emzlzg cos(8)
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Task 2.4: Equation of Motion A\‘(IT

T=M(q)q+c(q,q) +g(2)

.1 .. .
(my; + my)d + Emzlz(é? sin(6) + 62 cos(0))

1 .1 .1
Emzlz sin(0) d + §m2l§9 — Emzlzg cos(6)
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Task 2.4: Equation of Motion A\‘(lT

Karlsruher Institut for Technaologie

T=M(q)q+c(q,q) + g(q)

- 1 . 1 )
('[1) (ml + mZ)d + Emzlz Sll’l(@) 0 + Emzlz COS(Q) 972
T= =
T 1 .1 . 1
2 Emzl2 sin(6) d +§mzl§9 —Emzlzg cos(6)

This corresponds to the general Equation of Motion:

1
—m,l,sin(6 . 1 : 0
™ M oM 2sin(0) d —m,l, cos(0) 62 1
T= 'l ) +
1 _ 1 5 2 —=m,l,cos(0)
Emzlzsm(ﬁ) §m2l2 0 2
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